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Abstract: This paper deals with few common fixed point theorems of self mapping in complete 2-Banach space
which generalize the results of Som (2005), Amalendu Choudhury and T. Som (2011) and Mukti Gangopadhyay,
Mantu Saha & A.P. Baisnab (2009).
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1. INTRODUCTION

The concept of 2-Banach space and some basic fixed point results are given by Gahler in 1960. In this paper | find some
results in fixed point theory in a 2-Banach space by working with self mapping in a complete 2-Banach space.

2. PRELIMINARIES

Definition 2.1 :

Let X be a real linear space and ||., . || be a non-negative real valued function defined on X satisfying
the following conditions.

(1) [, y. || = 0 if and only if x and y are linearly independent.
(i)  lx,yll = [ly, x| for all x,yeX
(1ii1)  |[x, ay|l = |alllx, y|. a being real, for all x.yeX
1) llx,y +zll < llx, yll + [[x, z||. for all x.y.zeX
Then ||.,.|| is called a 2-norm and the pair (X, ||.,.||) is called a linear 2-normed space. So, a 2-

norm ||x, y|| always satisfies ||x, y + ax|| = |[x, y|| for all x,yeX and all scalars a.
Definition 2.2:

A sequence {xn} in a 2-normed linear space (X, ||.,.||) is said to be convergent to an

element xeX if ||x,, — x,al]l = 0 as n —»oc and for all a € X.
Definition 2.3:
If the sequence {x,} converges to x then |lx,—ab|l =]|x—ab] as

n—- x & foralla,b € X.
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Definition 2.4:
A sequence {x,} in a 2-normed linear space (X, ||.,.||) is a Cauchy sequence if [|x,, —

Xp,a|| = 0 as m.n— o and forall a € X.

Definition 2.5:

If a sequence is convergent in a 2-normed linear space, then it is a Cauchy sequence.

Definition 2.6:

A 2-normed linear space (X, ||.,.||) is said to be complete if every Cauchy sequence in X is

convergent.
3. PROPOSITIONS

3.1 : If a sequence {x,} in a 2-normed linear space converges to X then every subsequence of

{x, } also converges to the same limit x.
3.2 : Limit of a sequence in a 2-normed linear space if it exists is unique.

4. MAIN RESULTS

Theorem 4.1 : Let (X_ ||.,.||) be a complete 2-normed linear space. Let T be a self map on X

satisfying conditions:
IT'C) = T (), al| < Billly = Ty, all + ly = Tx, all] + y[llx — y, all] for all x.y.a€ X. ...(1)

LetB; =20,0<y; <1(i=123,..)with Y72, (B + Vi) < =

Then T has a unique fixed point in X.
Proof : Let any x€ X.
Let x, = T"x,
Then ||Tx, — T?xy, all = |[Tx, — TTx,, all
< BillITxg = TTxy, al| + [|Txq — Tx,y, all] + y1[llxg — Txo, all] (From (1)
=B1llITxo = T?xo, all + llxy — xy, all] + y4[llxg — Txo, all]

= ﬁ'l[”Txo - T2x0: a||] + ]"1[”9‘70 — Txy, a||]
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= B1llTxe — T?xp. alll] + yilllxxe — Txo. all]
HWFoxg — T 2xg,all = B lTxyg — TZ2xg, all]l + yalllxeg — Txg, alll
||Tx0 - szor all — ﬁl["TxD — szoj a”] = Vi [”xo — T'xqg, ﬂ’”]

HTxo — sz{)rﬂ—” [1 - ,81] = i lllxe — Txg, alll

1 Txg — T2xg, all = 22— [llxo — Txg. alll ... (2)
Now, |lx; — xps-all = I T"xg — T  xg, all
=T — T T 2o, all
= BnlllTxyg — TTxg,all + I Txeg — Txg, all] + yullxe — Txo, all
= LBullTxg — TZxg, all + yvullxe., Txg, all
N, — Xy all = BullTxg — T2xg, all + yullxeg — T'xg, all

'}/".
= f£. ﬁ ll2cg — Toxg, all + v llxg — Txq, all [From (2)]
a

V
= (‘8”1——1;81 -+ Vn) llxo — Txo. all

Vv
e — xpyall = (B2 + va ) llxo — Txo all . (3)
— G
x,, — xna2.all = llx — X540 + Xne1 — X2, all
= ”xn — Xn+1- ﬂ” -+ ”xn+1 - xn—l—Zra”
1
= E o+ — Xnsrn+a. all
k=0
o, — xpgz.all = llxp — X541 + X1 — X543, all
= ”xn — X411 all + “xn+1 — xn—l—3ra“
= llx;, — xpasall + llxper — Xpao + X — X4z, all
= “xn — Xpm41» ﬂ[” -+ ”xn+1 — X4z lj[“ -+ “x-n+2 - xn+31a”
=
= § v e — Xnvresas all
kK—o0
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So for any positive integer p,

||xn — Xn4+p- a“ = Z Hxns+rnw — Xnsr+1. all

|20 — xXnsp. all = |[xnap — x0. a
p—1
= Z ”xn+k — Xn+k+1- ﬂ”
K=0

o
V-

z (1 - )‘B’Hk + Vn+x ¢ lIxo — Txo, all  From (3)

k—0 — b

- 3 e o =
(1 _,81) Z}g?wrk Y4k IIXU Xo (I”

Since 2.,(Bn + ¥n) < =o, ||xn+p — K. X || — Oasn — <o
Since. {x,, } is a Cauchy sequence in X and X is complete, ||x,, — w,al]l = 0 as n — =«
Again ||x,,44 — Tu, all = |T txy — Tu, al|

= ITT"xg — Tu, all|
= Billlu — Tu,all + lu — TT"xg, all] + v1[lIT"xg — u, all] [From (1)]
= B [llu —Twu all + [lu—T" " 1x,, alll] + y, [IT"xq — w, all]
= Silllu — Tu, all + llu — x5 54, alll + yilllx, —w, alll
lxps1 — Tw, all = Billlu — Twu, all + [lu — x40, alll + valllx,, — w, alll

Taking the limit as n — oo

lx,, —w.all - 0 & ||lu —x,44.all — 0
. lim II:JL',hL:L — Tu, all = 11111 £ llu — Tu, all
FL—>=o
ie. |lu —Twu, all = Billu — Tu, al|
0 == Bl —Tu,all — llu — Tu, all
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= (. — 1) e — T, all

(L — 1) e — Twu, all = 0

Since, 0O = ~&; = 1, |lte — T, x|]] = O
= Tu = wu
Thus u is a fixed point of T.
To prove the uniqueness.
Let u and v be two fixed points of T.
e — v, all = || Tw — Tv, all
= Gilllv — Tv, all + llv — Tw, all] + yillu — v, all

= pllv —Tv,all + Billv — Tw, all + yillu — v, al|
= yillu — v, all

~ e — v, all < yillu — v, all

Since, 0 < y; < 1,u = v.

= The fixed point of T is unique.

Theorem 4.2:
Let (X, ||, . ]]) be a complete 2-normed linear space. Let T be a self-mapping on X

satisfying the conditions:
|7t — Ty, al| < Billly — Ty, all + lly — Tx,all] + yillx — y,all for all x,y,a € X and

0< Bir Vi < 1 (I =1,2,3, ..with Z(ﬁn + ]—’-_.J < o0,
n

If for some x € X, {T"(x,)} has a subsequence {T"*(x)} with limy .., {T"*(x)} = u € X. Then
u is a unique fixed point of T.

Proof : We have foru,x,a € X
Nl — Tu,all = |l — T 1y + Tt 1x — Tu, al|

< |l — T 1x, aqll + || T — T, al|

|75 % e — Tu, all = |TT"*x — Tu, all
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< Bi[llu — Tw, al] + llu — T™* x, all] + v, IT™ ™ x — u, al|

= Billu — Tw, all + B1llu — T 1x, al| + y, [T x — u, al|

Taking the limitas k —» o

e — T, all = G llee — Tae, el
O = e — T, all — e — T, all
O = (fF1 — 1) HHee — Tre, ]
(P12 — 1D e — T, all = O
Since, O = ~&; = 1, ||lre — Tre, x|] = O
e e = T
Hence u is a fixed point of T.
Clearly, the fixed point of T is unique.
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